We establish optimal, in a sense, conditions under which, for arbitrary forcing terms from a suitable class, a linear inhomogeneous functional differential equation in a preordered Banach space possesses solutions satisfying a certain growth restriction.
Introduction
When studying mathematical models of various dynamic phenomena, it is often desirable not only to prove the existence of a solution satisfying the given initial or boundary conditions but also to ensure that the solution in question possesses certain qualitative properties (e.g., has at least a prescribed number of zeroes on the given interval). It should be noted that, in most cases, the techniques commonly used to describe the qualitative behaviour of solutions do not provide any algorithm to find the solution itself.
In this paper, we prove two theorems which provide conditions under which a linear functional differential equation has a unique absolutely continuous solution passing through a given point, having a given growth rate, representable as a uniformly convergent functional series with the coefficients defined recursively, and positive in a certain sense. More precisely, we are interested in the solutions of the abstract functional differential equation
(1.1)
Notation
The following notation is used in the sequel. 
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3. Definitions and assumptions 3.1. Wedges and cones. In this subsection, for reader's convenience, we briefly recall several basic definitions from the theory of linear semigroups in Banach spaces (see, e.g., [3, 5] ). Definition 3.1. A nonempty closed set K in a Banach space X is called a linear semigroup [5] , or a wedge [3] , if the following conditions are satisfied:
Here, by definition, we set K + K := {x 1 + x 2 | {x 1 ,x 2 } ⊂ K} and, similarly, αK := {αx | x ∈ K}. Definition 3.2. The set K ∩ (−K) is referred to as the blade [3] of the wedge K.
We will use the following notation for the blade:
The presence of a wedge in a Banach space X allows one to introduce a natural preordering there. More precisely, we introduce the following standard. In a similar way, the relation K is introduced: x 1 K x 2 if and only if x 2 K x 1 . Thus, we have K = {x ∈ X | x K 0} and
Definition 3.4. A wedge K ⊂ X will be called proper if it does not coincide with the entire space X and is different from the zero-dimensional subspace {0}.
Definition 3.5.
A wedge K ⊂ X is said to be solid [5] if its interior is nonempty.
In the case of a solid wedge K, following [5] , we write x K 0 if and only if x belongs to the interior of K. Definition 3.6. The wedge K is called a cone [3, 5] if bladeK = {0}. 
The set
Note that all the linear operators determining the functional differential equations (1.1) arising in concrete applications satisfy the condition described by Definition 3. Here and below, we use the notation u(M) : 
where
This solution, moreover, satisfies the initial condition 
In the case where the wedge K is a cone, Theorem 4.1 yields the following statement. (4.7) , and (4.3) for some α ∈ [0,1) and
2) has a solution possessing property (4.7) and representable in the form (4.5) , where f τ,c is the function given by formula (4.6) .
If, in addition, relation (4.8) 
holds for the function f ∈ L([a,b],X) and vector c ∈ X, then solution (4.5) of problem (1.1), (1.2) also satisfies condition (3.4).
Remark 4.6. It follows from [1, Theorem 1] that, in the case where the cone K is also normal [5] (i.e., there exists a constant δ ∈ (0,+∞) such that x 1 + x 1 ≥ δ whenever {x 1 ,x 2 } ⊂ K and x 1 = x 2 = 1), the assumption on the continuity of in Theorem 4.5 is satisfied automatically.
Corollary 4.7. Suppose that K is a solid cone in X, and the φ-regular linear operator
: .3) and (4.13) in the statements formulated above are optimal in the sense that the inequality α < 1 for the constant α involved therein, generally speaking, cannot be replaced by the corresponding nonstrict inequality α ≤ 1. Indeed, we consider the simplest scalar functional differential equation 1] , and the operator :
We set K := [0,+∞); the relation " K " then coincides with the usual symbol "≥" and, hence, (4.11) always implies (4.10) in this case. According to Example 3.12, operator (4.17) satisfies Assumption 3.11 whenever one can specify a nonnegative constant B such that where > 0. In view of (4.17) and (4.21), we have and is satisfied, for example, with γ = 2 and
Thus, function (4.21) satisfies all the assumptions of Corollary 4.7, except the strict condition (4.13), instead of which the inequality 
Remark 4.9. The conditions in the theorems established above resemble those introduced in [6] for finite systems of linear functional differential equations determined by operators satisfying certain positivity conditions. It should be noted, however, that both the methods and results of [6] and of this paper are essentially different from one another.
Remark 4.10. Similarly to [2, 6] , the theorems of the present paper allow one to obtain efficient conditions for the solvability of problem (1.1), (1.2) for various kinds of (in this case, generally speaking, infinite-dimensional) functional differential equations (1.1). Here, we restrict our consideration to the general theorems only.
Auxiliary statements and proofs
The proofs of the results formulated above use a number of auxiliary statements given in Sections 5.1, 5.2, and 5.3.
The space C φ ([a,b],X). Given a nonnegative continuous function
we set 
and, hence, T φ ≤ 1. Moreover, mapping (5.2) has the following important property. 
whence
We estimate the right-hand side of (5.8) from above. Relation (5.4) means nothing but the convergence of the sequence {v m | m ∈ N} to the function v * with respect to the norm (2.2). Therefore, for the given , one can always specify a number m ∈ N such that 
whenever |δ| becomes less than a certain positive δ . Estimating now the first and the third summand on the right-hand side of (5.8) by using (5.9) and taking (5.10) into account for the second one, we obtain that 
or, which is the same, as
Thus, an arbitrary Cauchy sequence converges in the space C φ ([a,b],X), and our lemma is proved.
Spectrum of linear operators vanishing on the blade of a wedge.
Let E be a Banach space and K a wedge in it. The following statement is an extension of a well-known result (see, e.g., [3, 4] ) that establishes an upper bound for the spectrum of a linear operator preserving a solid wedge and dates back to a statement due to Kreȋn [5] .
Theorem 5.3 [7, 9] . Let W be a solid wedge in E and let A : E → E be a completely continuous linear operator such that A(W) ⊂ W and Lemma 5.5. For an arbitrary wedge K in X, the following equality is true:
Lemmas 5.4 and 5.5 are proved similarly to the corresponding statements from [8] . 
We also need the following properties of operator (5.27). We show that problem (1.1), (4.7) is uniquely solvable for arbitrary c ∈ X and f ∈ L( [a,b] ,X) satisfying condition (4.4). In view of Lemma 5.11, it will suffice to prove the unique solvability of (5.30) for arbitrary f and c for which (4.4) is true. Recall that f τ,c in (5.30) is the function constructed from f and c by formula (4.6).
We first consider the corresponding semihomogeneous problem, that is, the Cauchy problem (1.1), (4.7) with (4.7) replaced by the homogeneous condition is true. Therefore, Theorem 4.5 is a consequence of Theorem 4.1.
Proof of Corollary 4.7.
It is sufficient to apply Theorem 4.5 with Ω = ∅.
